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Abstract. The density of a language is the function that returns, for eachn, the number of words in the language of
lengthn. In the first place, we consider deciding whether the densityof a given regular languageL is exponential.
This question can be answered in linear time whenL is given via a DFA. We show that the same question can be
decided in quadratic time whenL is given via an NFA. It turns out that this question is equivalent to whetherL
is an encoding language: it includesxD∗y, for some nontrivial codeD and wordsx,y. Then, motivated by certain
coding techniques for reliable DNA computing, we consider the problem of characterizing nontrivial languagesD
that are maximal with the property thatD∗ is contained in the subword closure of a given setSof words of some
fixed lengthk – this closure is simply the set of all words whose subwords oflengthk must be inS. We provide
a deep structural characterization of these languagesD, which leads to polynomial time algorithms for computing
such languages.
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1 Introduction

Following [17], we define the density of a languageL to be the function that returns, for every nonnegative
integern, the number of words inL of lengthn. This concept is of central importance in language theory.
In particular, [17] and [14] characterize regular languages of exponential density, where the characterization
of [14] leads to a linear time algorithm for deciding whethera regular language is of exponential density
whenL is given via a deterministic finite automaton (DFA). This characterization is very simple: the DFA
has a state that belongs to two different loops – we note that the same idea was used in [4] in the context of
encoding data into DNA languages that are described via certain DFAs.

Here, in the first place, we consider the question of characterizing regular languages of exponential
density when they are given via nondeterministic finite automata (NFAs). Our characterization is that the
NFA has a strongly connected component containing two pathsof the same length, starting at the same state,
and having different labels. This characterization leads to a quadratic time algorithm deciding whether the
given NFA language is of exponential density. We also observe that a languageL has exponential density if
and only ifL is an encoding language – see the next section for precise definitions.

In the second part of the paper we consider the case whereL = S⊗. ThenL is an encoding language
if and and only ifC∗ ⊆ L, for some two-element codeC whose words are of the same length. HereS⊗ is
the subword closure of a given nonempty setS of words of some fixed lengthk. This concept has been
considered recently in the context of coding for reliable DNA computing – see [11], [3], [4] – as well as
in state complexity considerations [1]. The languageS⊗ is simply the set of all words whose subwords
(factors) of lengthk must be inS. In relevant applications, the setS represents a subword constraint and
the fact that some language is a subset ofS⊗ means that the language satisfies that constraint. In DNA
computing, for instance, it is often desirable that no two, possibly long, DNA molecules in the test tube
contain two short blocks ofk pairwise complementary DNA bases, as this would allow a sufficiently strong
bond to form between these molecules. In this case, the constraintSis a set of words of lengthk representing
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short molecules that are not pairwise complementary, and the languageS⊗ represents all molecules (possibly
arbitrarily long) such that there can be no sufficiently strong bond between any two of them.

In [3] and [4], the authors consider the problem of encoding arbitrary sequences of data blocks (fixed-
length words inΣm, for some alphabetΣ and integerm≥ 1) into the words ofS⊗, for a given constraintS.
More specifically, a bijective mapping (an encoding) fromΣm to someD is wanted such thatD∗ ⊆ S⊗. The
authors of those papers propose and implement a method for such encodings.

In this paper, motivated by the above problems, but independently of any application, we consider the
problem of characterizingnontrivial languagesD whose words are of length at leastk and are maximal
with the property “D∗ ⊆ S⊗” – the nontrivial requirement forD ensures thatD∗ is of exponential density
and has a good encoding capability. We obtain acompletestructural characterization of these languagesD,
which leads to polynomial time algorithms for computing such languages, and a better understanding of
the encoding method in [3] and [4]. We note that the more general question of computing maximal regular
languagesD such thatD∗ ⊆ R, whereR is any regular language, has been solved recently in [12] using
different tools. However, these tools lead to an algorithm with an exponential number of steps – see also
Section 7 for further comments.

The paper is organized as follows. Section 2 contains the basic notation and terminology about regular
languages and automata, as well as relevant background on the subword closure operation. In Section 3, we
consider the question of whether a given regular languageL is of exponential density (equivalently, whether
it is an encoding language). Section 4 deals with characterizing structurally nontrivial languagesD whose
words are of length at leastk and are maximal with “D∗ ⊆ S⊗”. Our characterization is used in Section 5
to evaluate the encoding method of [3] and [4] that was mentioned before. Moreover, this characterization
is used in Section 6 to obtain polynomial algorithms for constructing certain maximal languagesD. Finally,
Section 7 contains a few concluding remarks and suggestionsfor future research.

2 Basic Notation and Background

We begin this section with notation and concepts on words andlanguages, and then on finite automata. We
use [13] as a general reference.

2.1 Words, Languages, Codes

For a setS, we denote by|S| the cardinality ofS. We consider an arbitrary alphabetΣ containing at least
two symbols. As usual, the set of all words overΣ is denoted asΣ ∗. We writeλ for the empty word andΣ+

for the set of all nonempty words. The length of a wordw is the number of alphabet symbols occurring in
w and is denoted as|w|. For an integern≥ 0, the expression(w)n is the word consisting ofn copies ofw. A
prefix (resp.suffix, subword) of a wordw is any wordu such thatw = ux (resp.w = xu, w = xuy) for some
wordsx,y. A subword ofw is also called a factor, or infix, ofw.

A language is any set of words. A wordw is called anL-word if w∈ L. As usual, for any integern≥ 0,
if L is a language thenLn is the language whose words consist of anyn concatenated words fromL. In
particularΣn is the set of all words of lengthn. Also,L∗ is the union ofLn, for all n≥ 0, andL+ = L∗−{λ}.
For any wordx and languageL we use the special notation

x−1L = {z∈ Σ ∗ | xz∈ L}.

In particular, ifx is a prefix of some wordw, thenx−1w is the suffixzof w such thatw= xz. A languageC is
called a (uniquely decodable)codeif, for every wordw∈C+, there is exactly one sequence(w1, . . . ,wn) of
C-words whose concatenation is equal tow, that is,w = w1 · · ·wn. In particular, any language whose words
are of some fixed length is always a code (usually called a uniform, or block, code). A languageL is called
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maximal withrespect to some property ‘P ’, if any languageL′ containingL and satisfying ‘P ’ is equal
to L.

The densityof a languageL is the function dL that maps every nonnegative integern to dL(n) = the
number ofL-words of lengthn. We say that a regular languageL hasexponential densityif the density of
L is not polynomially upper-bounded – see below for the definition of regular language. This definition is
justified by a result of [17] stating that the density of any regular language is either polynomially upper-
bounded or has a subsequence of orderΩ(2n). A languageD is callednontrivial if it contains two words
w1,w2 such thatw1w2 6= w2w1. Note that, in this case, the set{w1w2,w2w1} is a two-element fixed-length
code, and is a subset ofD∗ – we shall see later that this property ofD ensures thatD∗ is of exponential
density and has a good encoding capability.

2.2 Automata, graphs, cycles

Recall that a complete deterministic finite automaton is a quintuple M = (Σ ,K,δ ,s,F) such thatK is the
nonempty set of states,s is the start state,F is the set of final states andδ : K ×Σ → K is the transition
function, which can be extended asδ : K × Σ ∗ → K in the usual way. If the functionδ is partial then
M is not complete – we simply call it a DFA. A nondeterministic finite automaton (NFA) is a quintuple
M = (Σ ,K,T,s,F) such thatK,s,F are as in the case of a deterministic automaton, andT is the finite set
of transitions, which are triples of the form(p,σ ,q) with σ ∈ Σ andp,q∈ K. In this case, we say that the
transition is going out of the statep. As usual, a deterministic automaton is a special type of nondeterministic
one where(p,σ ,q) ∈ T exactly whenδ (p,σ) = q.

The NFA M can be viewed as a directed labeled graph havingK as the set of vertices and any triple
(p,σ ,q) as a labeled edge exactly when(p,σ ,q) is a transition inT. A path in M is a sequence

(p0,σ1, p1, . . . ,σn, pn)

such that(pi−1,σi , pi) is a transition ofM, for eachi = 1, . . . ,n. In this case, the wordσ1 · · ·σn is called the
label of the path. As usual, the languageL(M) acceptedby M is the set of all labels that appear in paths as
above such thatp0 is the start state andpn is a final state. These languages constitute the class ofregular
languages – see [18] for more information on regular languages.

The NFA M is calledtrim if every state ofM occurs in some path from the start state to a final state.
Thesizeof M is |K|+ |T|, that is the number of states plus the number of transitions in M. We note that if
M is trim then|K| ≤ |T|+ 1 and, therefore, the size ofM is dominated by the number of transitions inM.
A state in an automaton is called afork stateif there at least two transitions going out of that state. Acycle
in the NFA is a path in which the first and last states of the pathare equal. The special cycle (p), wherep is
any state, is called trivial. Astrongly connected component(with respect to an NFAM) is a setC of states
that is maximal with the property that there is a path inM between any pair of states inC . The component
C is callednontrivial if there is at least one transition between two states inC . For the sake of simplicity,
we shall say that a componentC ‘contains’ a transition (or a path) to mean that the NFA in which C exists
contains that transition (or path) with all states involvedbelonging toC .

2.3 The subword closureS⊗ and the DFA Trie(S)⊗

As mentioned in the introductory section, any nonempty set of words of lengthk, for some integerk > 0, is
called asubword constraint. It is used to define the language

S⊗ = {w∈ Σ ∗ | if u is a subword ofw and|u| = k thenu∈ S}.

This concept was used in [11] and [4] in the context of coding for reliable DNA computing. Two properties
of S⊗ are the following.
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– If w∈ S⊗ then every subword ofw is also inS⊗.
– If xu,vy∈ S⊗ and|u| = |v| = k then we have thatxuvy∈ S⊗ if and only if uv∈ S⊗.

In [11] it is shown that every languageS⊗ is regular via the DFA Trie(S)⊗, which is defined as follows. First,
let Trie(S) be thetrie accepting the setS. Recall [2] this is the complete DFA with states

{[u] | u is a prefix of a word inS}∪{[sink]}

such that[λ ] is the start state and{[u] | u∈ S} is the set of final states. We remark that the notation[·] for
states is not necessary, but it is meant to help the reader distinguish easily thatu represents a word and[u]
represents a state. By extending this notation to sets of states, we can write that the set of final states of
Trie(S) is [S]. The transition function of Trie(S) is δ such thatδ ([u],σ) = [uσ ], whenuσ is a prefix ofSof
length at mostk, and with all the other values ofδ being[sink].

The DFA Trie(S)⊗ acceptingS⊗ is obtained from the tre Trie(S) as follows [11] – see also Fig. 1. The set
of states is the same; the start state is the same; all states now are final; the transition functionδ⊗ of Trie(S)⊗

is the same asδ except as follows: for eachu∈Sandσ ∈ Σ , if u∈ Σu1 andu1σ ∈S, thenδ⊗([u],σ) = [u1σ ]
– this ensures that the lastk symbols read drive the automaton to a state in[S]. A few useful properties of
Trie(S)⊗ are the following.

– If ([u],σ1, p1, . . . ,σk, pk) is a path in Trie(S)⊗ andpk 6= [sink] then the statepk must be[σ1 · · ·σk].
– If w ∈ S⊗ and |w| ≥ k then δ⊗([λ ],w) = δ⊗([x],w1) = [y], wherex is the prefix ofw of length k,

w1 = x−1w, andy is the suffix ofw of lengthk.
– The DFA Trie(S)⊗ can be computed in linear time with respect to the size ofS– the size of a finite set

of words is the sum of the lengths of the words in that set.
– Any strongly connected component[Q] of Trie(S)⊗ is such thatQ⊆ S.

Fig. 1 shows a part of the DFA Trie(S)⊗ accepting the languageS⊗, where

S= {0001,0010,0100,0101,0111,1000,1011,1101,1110,1111}.

In particular the figure shows only the transitions involving states[u] with u∈ Sand the state[sink].

3 Deciding Exponential Density

In this section we consider the problem of characterizing NFA languages having exponential density. Our
characterization leads to a quadratic time algorithm for deciding whether the language accepted by a given
NFA is exponential. We also observe that the property of exponential density is equivalent to whether the
language in question is an encoding language – see the definition below. In fact our algorithm for deciding
exponential density also returns an encoding part of the given language in case where indeed the language
is of exponential density.

Definition 1. A language L is called anencoding languageif there are words x,y and, for every integer
n≥ 2, there is a code Cn of cardinality n such that

xC∗
ny⊆ L.

In this case, the code Cn is called anencoding partof L.
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Fig. 1. The part of Trie(S)⊗ involving only states[u] with u∈ Sand the state[sink].

When we need to encode intoL arbitrary sequences made from a certain set{t1, . . . , tn} of objects (e.g.,
data blocks inΣm for some alphabetΣ and integerm≥ 1), andL is an encoding language then we can pick
a codeCn = {u1, . . . ,un} and wordsx,y such that any sequence(ti1, . . . , tir ) can be encoded with the word
xui1 · · ·uir y∈ L. The use of the fixed wordsx,y is necessary in general, asC∗

n itself might not be a subset of
L – this is not an issue in the case ofL = S⊗ because then any subword ofS⊗ is an element ofS⊗ as well.

Now we consider the following problem.

(P0) Given a regular languageL, decide whetherL is of exponential density.

It is not difficult to see – see Lemma 1 below – that this problemis equivalent to whetherL is an encoding
language.

In [14] (see also [15]) the author gives a very simple criterion for testing this property for a regular
languageL: it has exponential density if and only if any trim deterministic automaton acceptingL has a state
that belongs to two cycles in the graph corresponding to the automaton. Here we consider the case where
the language is given via a nondeterministic automaton. We show thatL has an exponential density if and
only if any trim nondeterministic automaton acceptingL has a strongly connected component containing
two paths of the same length, starting at the same state, and whose labels are different. Moreover, we show
that our test can be performed in quadratic time. Note that, when the automaton is deterministic, our test is
equivalent to whether a strongly connected component contains a fork state (this is of course equivalent to
the test of [14]) and can be performed in linear time. The restof this section deals with the formalities of the
above statements.

Lemma 1. Let L be a regular language. The following statements are equivalent.

ENC: L is an encoding language.
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EXP: L has exponential density.
BL2: There is a two-element block code C and words x,y such that xC∗y⊆ L.
SCC: For every trim NFA A accepting L, there exists a stronglyconnected component in A containing two

paths of the same length, starting at the same state, and whose labels are different.

Proof.First we establish the equivalence ENC↔ BL2. For the ‘if’ part, consider any integern≥ 2 and let
m= ⌈logn⌉. Then, asx(Cm)∗y⊆ L andCm contains at leastn codewords, it follows thatL is an encoding
language. For the ‘only if’ part, letC2 = {v,w} be a two-element code andx,y be words such thatxC∗

2y⊆ L.
As C2 is a code we have thatC2

2 is also a code consisting of four codewords. The required block codeC is
{vw,wv}.

It is sufficient now to prove the following sequence of statements: BL2→ EXP, SCC→ BL2, EXP→
SCC.

Part BL2→ EXP: LetC = {z1,z2} and consider, for everyn≥ 0, all words inL of length|x|+ |y|+ ℓn,
whereℓ is the length ofz1 andz2. As xCny⊆ L, there are at least 2n such words and, therefore,L must have
exponential density.

Part SCC→ BL2: Assume there is a stateq in some strongly connected componentC , and two paths in
C starting atq, ending at some statesq1 andq2, and having two different labelsu1,u2 of the same length.
Then, there must be two paths inC , one fromq1 to q and the second fromq2 to q with some labelsv1,v2,
respectively. Then there are two cycles inC with labelsu1v1 andu2v2. Moreover, it follows that there are
two cycles inC with labelsz1 = u1v1u2v2 andz2 = u2v2u1v1, which are different and of the same length,
sayℓ. As the NFAA is trim, there are two paths, one from the start state toq with some labelx, and the other
from q to a final state with some labely. LetC = {z1,z2}. Then it follows that

xC∗y⊆ L.

Part EXP→ SCC: We use contraposition by assuming the negation of SCC and showing that the density
of L(A) is polynomially upper-bounded. So assumethat in every strongly connected component ofA, any
two paths starting at the same state and having the same length must have equal labels. This implies that
there is no state having two outgoing transitions with different labels. First we have the following claim.

Claim 1: The assumption implies that, in every strongly connected componentC , for everyn≥ 0, there
are at most|C | distinct path labels of lengthn.

To see this, we first note that the claim is obvious ifC is trivial. If C is nontrivial, then for every stateq
in C and any integern≥ 0, there is at least one path inC of lengthn starting at stateq. At the same time,
the assumption implies that, for every stateq in C and integern≥ 0, there is at most one path label of length
n. Thus, for every stateq in C and anyn≥ 0, there is exactly one path label of lengthn starting atq, and the
claim follows easily from this observation.

Next we show that the density ofL(A) is polynomially upper-bounded, using induction on the number
k, say, of strongly connected components inA. For k = 1 this follows immediately from Claim 1. Assume
the statement holds whenA has at mostt components, for somet ≥ 1, and consider the case whereA
hask = t + 1 components. Ask ≥ 2, there must be a strongly connected componentD with no outgoing
transitions – also, asA is trim, D cannot contain the start state. Consider the setLn of all words of lengthn
accepted byA. Then

Ln = Mn∪Kn,

whereMn is the set of words of lengthn accepted using paths containing no state inD , andKn is the set of
words of lengthn accepted using paths ending inD . Let D̄ be the set of states not inD , and letq1, . . . ,qr

be all states inD̄ having transitions going intoD . Let N1, . . . ,Nr be the languages accepted by the part of
A that involves no states fromD and has as final states{q1}, . . . ,{qr}, respectively. LetN′

1, . . . ,N
′
r be the
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languages accepted starting, respectively, from the states q1, . . . ,qr and then using only states inD , where
the final states ofA that are inD are used as final states. Then, it follows that

Kn = (N1N′
1∪ ·· ·∪NrN

′
r)∩Σn

and then
Ln = Mn∪ (N1N

′
1∩Σn)∪ ·· ·∪ (NrN

′
r ∩Σn).

By the induction hypothesis,|Mn| = O(nc), for some constantc. Now for each termNiN′
i ∩Σn we have

NiN
′
i ∩Σn =

n⋃

j=0

(Ni ∩Σ j)(N′
i ∩Σn− j).

Again, asNi is accepted by an NFA having at mostt components we have that|Ni ∩Σ j | = O( jci ), for some
constantci . Also, by Claim 1,|N′

i ∩Σn− j | = O(1). With these observations, it follows that

|NiN
′
i ∩Σn| = O((n+1)×nci ) = O(n1+ci ) and |Ln| = O(nmax(c,1+c1,...,1+cr ))

and, therefore,L(A) is polynomially upper-bounded.2

Theorem 1. The following problem is decidable in quadratic time.

Input: NFA A
Output: YES/NO, depending on whether the density of L(A) is exponential.

Moreover, there is a (quadratic time) algorithm that returns an encoding part of L(A) of cardinality n, for
any given NFA A and integer n≥ 2, if L(A) is indeed an encoding language.

Proof. We shall use the previous lemma and the well-known product construction for labeled graphs. In
particular, for any directed labeled graphG = (V,E), the graphG2 has vertices all pairs inV ×V and edges
all triples of the form((p1, p2),(a1,a2),(q1,q2)) such that(p1,a1,q1) and(p2,a2,q2) are edges inE. It is
evident that for any path inG2 there are two corresponding paths inG of the same length and, conversely, for
any two paths inG of the same length there is a corresponding path inG2. For a pathP in G2, the first (resp.
second) corresponding path is simply the sequence of edges formed by the first (resp. second) components
in the sequence of edges inP. The required decision algorithm is as follows.

AED(A)
1 Make the NFAA trim;
2 Compute the (strongly connected) components ofA;
3 FOUND = false;
4 for each componentG and while not FOUND
5 do
6 ComputeG2;
7 Compute the setQ1 of vertices(p1, p2) in G2 such that
8 – there is an edge((p1, p2),(a1,a2),(q1,q2)) with a1 6= a2;
9 Compute the setQ2 of vertices inG2 of the form(t, t);

10 if (there is a path fromQ2 to Q1) then FOUND = true;
11 if (FOUND) output YES else output NO;

For the correctness of the algorithm we note that, at the laststep, FOUND is true if and only if condition SCC
of Lemma 1 is true. Indeed, if there is a path inG2 from some(t, t) to some(p1, p2) ∈ Q1 then there is also
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a path from(t, t) to some(q1,q2) where the last edge in the path is((p1, p2),(a1,a2),(q1,q2)) with a1 6= a2;
hence, there must be two equal length paths inG starting att and having different labels. Conversely, if there
are two paths inG of the same length, starting at some statet and having different labels, then there are
also two such paths differing on their last symbols, which implies that the algorithm will set FOUND to true
when it processes the componentG.

For the time complexity of the algorithm, first we note that Step 1 can be performed in linear time and
then Step 2 also in linear time [5]. Now letn be the size ofA, let k be the number of strongly connected
components in the trimmedA, and letni be the size of the componenti. Thenn1 + · · ·+ nk = O(n). The
i-th iteration of the loop requires timeO(n2

i ) to construct the product of thei-th component, which is of size
O(n2

i ), and then the next two steps are linear with respect ton2
i . Also linear is the last step in the loop via a

breadth-first search algorithm. So in the worst case the algorithm requires timeO(n2
1 + · · ·+n2

k).

Now regarding the second part of the theorem, once we have decided thatL(A) is indeed an encoding
language, we proceed as follows. Let

P = (t, t),(b1,b
′
1),(t1, t

′
1), . . . ,(bm,b′m),(tm, t ′m)

be the path found in the current component of the above loop. Then there is an edge((tm, t ′m),(a,a′),(q,q′))
with a 6= a′ in that component ofA. Compute shortest paths inA from tm to t and fromt ′m to t. These would
have some labelsw,w′ respectively. Letv = b1 · · ·bma andv′ = b′1 · · ·b

′
ma′. Then, we have two equal length

cycles fromt to t with distinct labelsz= vwv′w′ andz′ = v′w′vw. Let K = {z,z′} and j = ⌈n/2⌉. Obviously
K j contains at leastn words and, therefore, any subset ofK j of n words is an encoding part ofL(A) as
required. Finally, we note that the extra steps to compute the encoding part ofL(A) do not increase the
asymptotic complexity of the algorithm.2

4 Characterizing maximal D’s with D∗ ⊆ S⊗

In this section we fix an arbitrary subword constraintSof some lengthk, that is, a nonempty setSconsisting
of words of fixed lengthk > 0. The firstmain problem is to characterize structurally any nonemptylanguage
D whose words are of length at leastk and is maximal with the property “D∗ ⊆ S⊗”. It turns out (see
Theorem 2) that, for such aD, there is a nontrivial strongly connected component[Q] of Trie(S)⊗, with
Q ⊆ S, such that for allD-words, their firstk symbols drive the automaton Trie(S)⊗ to a certain set of
states[X] ⊆ [Q], theD-words get accepted at a set of states[Y] ⊆ [Q] that depends onX and is denoted as
[Y] = [Q>

X ], andY has the property that, from any state[y] ∈ [Y] and on inputx, the automaton Trie(S)⊗ gets
to the state[x], for anyx∈ X – see Definition 2 and Fig. 2.

The secondmain (and related) problem is to characterize structurallyany nontriviallanguageD whose
words are of length at leastk and is maximal with the property “D∗ ⊆ S⊗”. The characterization is the same
as the one for a nonemptyD with the additional requirement that the strongly connected component[Q]
contains a fork state – see Theorem 3. As discussed earlier, the fact thatD is nontrivial implies thatD∗ is of
exponential density and allows one to encode inD∗ – therefore also inS⊗ – arbitrary data.

Definition 2. Let Q be a nonempty subset of S such that[Q] is a nontrivial strongly connected component
of Trie(S)⊗. For any nonempty subset X of Q, we define

Q>
X , {v∈ Q | ∀x∈ X : δ⊗([v],x) = [x]} = {v∈ Q | ∀x∈ X : vx∈ S⊗}.

Example 1.In Fig. 1, letQ = {0111,1111,1110,1101,1011}. Then,Q>
{1011} = {1011,0111,1111} and, for

X = {0111,1011}, we have that
Q>

X = {0111,1111}.
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Fig. 2. The sets of states[X] = {[x1], . . . , [xm]} and[Y] = [Q>
X ] = [Y1]∪ ·· ·∪ [Ym] are subsets of some

strongly connected component[Q] of Trie(S)⊗. Each node[Yi ] in the diagram represents one or more
states in[Y], and each languageLi consists of the labels of all paths from[xi ] to [Y]. Then, the language
〈Q,X〉 is equal to∪m

i=1xiLi.

The major structural observation for the desired languagesD is that they can be expressed in terms of
the sets

〈Q,X〉x , {w∈ Σ ∗ | δ⊗([x],w) ∈ [Q>
X ]}

for all x∈ X, where[Q] is a strongly connected component of Trie(S)⊗ – thus,Q⊆ X – andX ⊆ Q. Let

〈Q,X〉 ,
⋃

x∈X

x〈Q,X〉x.

Obviously, the words of this language are of length at leastk. This notation is also important in the section
on algorithmic considerations.

Example 2.In Fig. 1, forQ = {0111,1111,1110,1101,1011} andX = {0111,1011}, we have that

〈Q,X〉1011= 1(λ +11∗)(0111(λ +11∗))∗ and 〈Q,X〉0111= (λ +11∗)(0111(λ +11∗))∗,

where we have used notation of regular expressions for denoting langauges.

Theorem 2. Let S be any subword constraint of some length k, and let D be any nonemptylanguage whose
words are of length at least k. Then, D is maximal with D∗ ⊆ S⊗ if and only if there are nonempty subsets
X,Y,Q of S such that

D = 〈Q,X〉 = S⊗∩XΣ ∗∩Σ ∗Y,

and X,Y ⊆ Q, [Q] is a nontrivial strongly connected component ofTrie(S)⊗, Y = Q>
X , and X is maximal

with “X ⊆ Q and Q>
X = Y”.

Theorem 3. Let S be any subword constraint of some length k, and let D be any nontrivial language whose
words are of length at least k. Then, D is maximal with D∗ ⊆ S⊗ if and only if there are nonempty subsets
X,Y,Q of S such that

D = 〈Q,X〉 = S⊗∩XΣ ∗∩Σ ∗Y,

and X,Y⊆Q, [Q] is a nontrivial strongly connected component ofTrie(S)⊗, containing a fork state, Y= Q>
X ,

and X is maximal with “X⊆ Q and Q>
X = Y”.
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The rest of the section deals with the proofs of the above results, which rely on a sequence of technical
lemmata. The first observation gives a taste of what it means whenD∗ ⊆ S⊗, without necessarily requiring
thatD is maximal with this property.

Lemma 2. Let D be a nonempty language whose words are of length at leastk.

1. If D∗ ⊆ S⊗ then D=
⋃

x∈X x(x−1D) and x(x−1D)y⊆ S⊗, for all x,y∈ X, where X is the set of all prefixes
of D of length k.

2. If there is a subset X of S and languages Dx, for all x∈ X, such that D=
⋃

x∈X(xDx) and xDxy⊆ S⊗, for
all x,y∈ X, then D∗ ⊆ S⊗.

Proof.For the first statement, the partD =
⋃

x∈X x(x−1D) can be shown without complications using standard
set theoretic reasoning. Now take anyx,y∈ X andu∈ x−1D. Then,xu∈ D. Also, there exists a word of the
form yv∈ D. As D2 ⊆ S⊗, it follows thatxuyv∈ S⊗. Hence, alsoxuy∈ S⊗, as required.

For the second statement, we showDn ⊆ S⊗ using induction onn. Obviously,D0 ⊆ S⊗. For anyn≥ 1
assume thatDn−1 ⊆ S⊗ and consider any wordw∈ Dn. By the premises aboutD, w can be written asxuv,
with x∈ X, u∈ Dx, andv∈ Dn−1. Note here that, asxux∈ S⊗, we have thatxu∈ S⊗. If n= 1 thenv is empty
and, in this case,w = xu∈ S⊗, as required. Ifn > 1, thenv = yv1 for somey∈ X andv1 ∈ Σ ∗. In this case,
asxu,xuy,yv1 ∈ S⊗, it follows thatw = xuyv1 ∈ S⊗, as required.2

Lemma 3. Let X,Q be nonempty subsets of S such that X⊆ Q and[Q] is a nontrivial strongly connected
component ofTrie(S)⊗.

1. 〈Q,X〉∗ ⊆ S⊗.
2. 〈Q,X〉 = S⊗∩XΣ ∗∩Σ ∗Q>

X .
3. If Q>

X 6= /0 then, for all x∈ X, we have that〈Q,X〉x 6= /0.

Proof. For the first statement, it is sufficient to show thatx〈Q,X〉xy ⊆ S⊗ – see Lemma 2. So letw ∈
〈Q,X〉x. Then,δ⊗([x],w) ∈ [Q>

X ] and, therefore,δ⊗([λ ],xw) = [v] for somev ∈ Q>
X . As y ∈ X, we also

haveδ⊗([v],y) 6= [sink]. Hence,δ⊗([λ ],xwy) 6= [sink] and, therefore,xwy∈ S⊗, as required.
For the second statement, letD = S⊗∩XΣ ∗∩Σ ∗Q>

X . For the directionD ⊆ 〈Q,X〉, note that every word
w ∈ D is of the formxw1 = w2y, with x ∈ X and y ∈ Q>

X . Then, asw2y ∈ S⊗, we haveδ⊗([λ ],w2y) =
[y] ⇒ δ⊗([λ ],xw1) ∈ [Q>

X ] ⇒ w1 ∈ 〈Q,X〉x ⇒ w∈ 〈Q,X〉. Conversely, consider any wordw ∈ 〈Q,X〉. By
the first statement of this lemma,w∈ S⊗. Also,w= xw1, for somex∈X andw1 ∈ 〈Q,X〉x. Hence,w∈ XΣ ∗.
Moreover,δ⊗([x],w1) = [y], for somey ∈ Q>

X . This implies thatxw1 must end with the wordy. Hence,
w∈ Σ ∗Q>

X .
For the third statement, take anyx∈ X. As Q>

X 6= /0, we can pick anyv∈ Q>
X . As bothx,v∈ Q, there is a

path from[x] to [v] having some labelw∈ Σ ∗. This implies thatw∈ 〈Q,X〉x. 2

Now we present the next major step to proving the desired theorem. We establish that anyD with
D∗ ⊆ S⊗ must be a subset of some language of the form〈Q,X〉. This result allows us to focus on a strongly
connected component of Trie(S)⊗ when we wish to characterize structurally thoseD’s.

Lemma 4. If D is a nonempty language whose words are of length at least kand D∗ ⊆ S⊗, then

D ⊆ 〈Q,X〉,

for some nonempty subsets Q,X of S with X⊆ Q and [Q] a nontrivial strongly connected component of
Trie(S)⊗.
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Proof.First note that, by Lemma 2, we can write

D =
⋃

x∈X

x(x−1D),

such thatX is the (nonempty) set of prefixes of lengthk of D andx(x−1D)y⊆ S⊗, for all x,y∈ X. The rest
of the proof consists of two parts, whose conjunction establishes the truth of the lemma. In the first part, we
show thatX ⊆ Q such that[Q] is a nontrivial strongly connected component of Trie(S)⊗, and in the second
part we show thatx−1D ⊆ 〈Q,X〉x, for all x∈ X.

Part 1. Consider any (possibly equal)x,y ∈ X. Then, there are wordsu1 ∈ x−1D andu2 ∈ y−1D such
thatxu1y∈ S⊗ andyu2x∈ S⊗. We need to show that there are (nonempty) paths from[x] to [y], and from[y]
to [x]. This, however, follows easily from the definition of Trie(S)⊗ and the fact that there are paths in this
automaton with nonempty labelsxu1y andyu2x.

Part 2. Consider any wordw∈ x−1D. Then,xw∈ D. We need to show thatδ⊗([x],w) ∈ [Q>
X ]. For this, it

is sufficient to show thatδ⊗([x],w) = [v] for somev∈ Q such thatδ⊗([v],y) = [y], for all y∈ X. Indeed, as
xw∈ S⊗, δ⊗([λ ],xw) = [v] for somev∈ S, soδ⊗([x],w) = [v] and, therefore, there is a path from[x] to [v].
Now, asxwx∈S⊗, we have thatδ⊗([v],x) = [x]. Thus, there is also a path from[v] to [x] and, thereforev∈Q.
Now take anyy∈ X. As xwy∈ S⊗, we have thatδ⊗([λ ],xwy) 6= [sink], which implies thatδ⊗([v],y) = [y],
as required.2

The last technical lemma before the proof of Theorem 2 deals with containment relationships between
sets of the formQ>

X andP>
Z .

Lemma 5. Let X,Z,Q,P be nonempty subsets of S such that X⊆ Q, Z ⊆ P, [Q] and [P] are nontrivial
strongly connected components ofTrie(S)⊗, and Q>

X 6= /0.

1. If 〈Q,X〉 ⊆ 〈P,Z〉 then X⊆ Z.
2. If Z ⊆ Q and〈Q,X〉 = 〈Q,Z〉 then X= Z.

Proof. For the first statement, take anyx∈ X. As Q>
X 6= /0, there is a wordw∈ 〈Q,X〉x – see Lemma 3. So

xw∈ 〈Q,X〉 and, therefore,xw∈ 〈P,Z〉. Then,xw∈ z〈P,Z〉z, for somez∈Z, which implies thatz= x. Hence,
x∈ Z.

The second statement follows logically by applying the firststatement twice.2

Proof of Theorem 2. First we do the ‘only if’ part. So suppose thatD is maximal withD∗ ⊆ S⊗. Then,
D ⊆ 〈Q,X〉 according to Lemma 4. At the same time, Lemma 3 says that〈Q,X〉∗ ⊆ S⊗. As D is maximal
we have that, in fact,D = 〈Q,X〉. LetY = Q>

X . By Lemma 3, we have

D = S⊗ ∩ XΣ ∗ ∩ Σ ∗Y.

As D is nonempty, we have thatY is nonempty as well.
It remains to show thatX is maximal with “X ⊆Q andQ>

X =Y”. So suppose thatX ⊆Z⊆Q andQ>
Z =Y.

Then, we need to show thatZ = X. For this it suffices to show that〈Q,X〉= 〈Q,Z〉. In turn, this would follow
by the maximality ofD if we show thatD ⊆ 〈Q,Z〉. So take anyw∈ D = 〈Q,X〉. Then,w = xw1 for some
x∈ X andw1 ∈ 〈Q,X〉x, which impliesδ⊗([x],w1) ∈ [Q>

X ] = [Q>
Z ]. Also, asx∈ Z we have thatw1 ∈ 〈Q,Z〉x

and, thereforexw1 ∈ 〈Q,Z〉, as required.

Now we do the ‘if’ part. By Lemma 3, we have thatD∗ ⊆S⊗. To show thatD is maximal, we assume that
D ⊆ B andB∗ ⊆ S⊗, for some languageB, and we deduce thatB= D. By Lemma 4, we have thatB⊆ 〈P,Z〉,
whereZ,P are nonempty subsets ofS, Z ⊆ P, and [P] is a nontrivial strongly connected component of
Trie(S)⊗. This implies that〈Q,X〉 ⊆ 〈P,Z〉. It suffices to show thatP = Q andX = Z. By Lemma 5, we get
X ⊆ Z, so there is a state belonging to both[Q] and[P]. This impliesP = Q. Also, obviouslyQ>

Z = P>
Z . As

X is maximal with “X ⊆ Q andQ>
X = Y” and X ⊆ Z ⊆ Q, it suffices to show thatQ>

Z = Q>
X .
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First, by definition ofQ>
X , X ⊆ Z impliesQ>

Z ⊆ Q>
X . For the converse inclusion, take anyv∈ Q>

X . Also,
take anyx∈ X. As x,v∈ Q, there is a path from[x] to [v] having some labelw, which impliesw∈ 〈Q,X〉x.
As δ⊗([λ ],xw) = [v], there is a wordw′ such thatxw= w′v. Sow′v∈ 〈Q,X〉 and, therefore,w′v∈ 〈Q,Z〉.
Then, by Lemma 3, we havew′v∈ Σ ∗Q>

Z and, therefore,v∈ Q>
Z , as required.2

The next two lemmata are required for the proof of Theorem 3, which involves a fork state in the strongly
connected component[Q].

Lemma 6. If [Q] is a nontrivial strongly connected component ofTrie(S)⊗ then, for every v∈ Q and n≥ 1,
there is u∈ Q and a path of length n from[u] to [v].

Proof. As [Q] is nontrivial, there is a path of some lengthℓ ≥ 1 from [v] to [v]. Obviously this path can be
iterated arbitrarily many times to obtain a long path of length at leastn from [v] to [v]. Then, there has to be
some state[u] in that long path as required.2

Lemma 7. Let [Q] be a nontrivial strongly connected component ofTrie(S)⊗.

1. If [Q] contains a fork state[v] having transitions to some distinct states[x1], [x2] ∈ [Q], then〈Q,X〉 is a
nontrivial language, where X= {x1,x2}.

2. There is a subset X of Q such that〈Q,X〉 is nontrivial if and only if[Q] contains a fork state.

Proof. For the first statement, the premise implies that there are distinct symbolsσ1,σ2 ∈ Σ such that
δ⊗([v],σ1) = [x1] and δ⊗([v],σ2) = [x2]. Also, by Lemma 6, there is a state[u] and a wordx of length
k−1 such thatδ⊗([u],x) = [v]. This implies thatx1 = xσ1 andx2 = xσ2, and, therefore,u∈ Q>

X . Then, the
sets〈Q,X〉x1 and〈Q,X〉x2 are nonempty, which implies that there are wordsw1,w2 such thatx1w1,x2,w2 ∈
〈Q,X〉. Finally, asx1w1x2w2 6= x2w2x1w1, the language〈Q,X〉 is nontrivial.

For the second statement, the ‘if’ part is simply a simpler version of the first statement. So we consider
the ‘only if’ part. As〈Q,X〉 is nontrivial, the setQ>

X is nonempty. So letv∈Q>
X . If X has at least two distinct

elementsx1,x2 then, as there are paths from[v] to [x1] and [x2], it follows that a fork state must exist in
these paths, as required. Now supposeX = {x}, but assume for the sake of contradiction that[Q] contains
no fork state. Then, obviously, the component[Q] is a single cycle and, therefore,Q>

X consists of exactly
one element, sayv. There is also exactly one simple path from[x] to [v] having some labelw. Then, it is
easy to see that all paths from[x] to [v] have labels inw(xw)∗, which contradicts the premise that〈Q,X〉 is
nontrivial. 2

Proof ofTheorem 3. The ‘if’ part is simply a weaker form of the ‘if’ part in Theorem 2. For the ‘only if’
part, we first apply Theorem 2: there are nonempty subsetsX,Y,Q of Ssuch that

D = 〈Q,X〉 = S⊗∩XΣ ∗∩Σ ∗Y,

andX,Y ⊆ Q, [Q] is a nontrivial strongly connected component of Trie(S)⊗, Y = Q>
X , andX is maximal with

“X ⊆ Q andQ>
X = Y”. It remains to show that[Q] contains a fork state. But this follows immediately from

Lemma 7.2

5 Connection with a previous method

In [3] and [4], in the context of encoding data intoS⊗, the authors consider the problem of constructing a
nonempty setB such thatB∗ ⊆ S⊗, using the following method.

1. Pick any nonempty subsetY of S.
2. LetSY = {v∈ S| ∀y∈Y : yv∈ S⊗}.
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3. LetBY = S⊗∩SYΣ ∗∩Σ ∗Y.

In that method,SY is the set of possibleS-words that can be appended to anyY-word without violating the
constraintS. As expected, it can be shown thatB∗

Y ⊆S⊗. However, if we use a bad choice forY thenSY could
be empty. Here we can evaluate the above method in view of the tools developed in the previous section.
It is clear that the setY should be a subset of someQ such that[Q] is a strongly connected component of
Trie(S)⊗. We define the following analogue ofQ>

X :

Q<
Y , {v∈ Q | ∀y∈Y : δ⊗([y],v) = [v]} = {v∈ Q | ∀y∈Y : yv∈ S⊗}.

Then, the setBY constructed above can be written as

BY = S⊗∩Q<
Y Σ ∗∩Σ ∗Y.

As expected there is a strong connection betweenBY’s and sets of the form〈Q,X〉, whereX = Q<
Y .

Lemma 8. Let X,Y,Q be nonempty subsets of S such that X,Y ⊆ Q and [Q] is a nontrivial strongly con-
nected component ofTrie(S)⊗.

1. If Q>
X = Y then X⊆ Q<

Y .
2. If Q<

Y = X then Y⊆ Q>
X .

3. If X is maximal with “X⊆ Q and Q>
X = Y” then X = Q<

Y .
4. If Y is maximal with “Y⊆ Q and Q<

Y = X” then Y = Q>
X .

5. X is maximal with “X⊆ Q and Q>
X = Y” if and only if Y is maximal with “Y⊆ Q and Q<

Y = X”.

Proof.For the first statement, take anyx∈ X. We wantyx∈ S⊗ for all y∈Y. So for anyy∈Y we have that
alsoy∈ Q>

X , which impliesy∈ Q andyx∈ S⊗, as required. The second statement follows by symmetry.
For the third statement, we only need to show the directionQ<

Y ⊆ X. So take anyx ∈ Q<
Y , and let

X′ = X∪{x}. As x∈ Q, we have thatX′ ⊆ Q. We shall show thatQ>
X = Q>

X′ because then, by the maximality
of X, we get thatX′ = X and, therefore,x∈ X, as required. AsX ⊆ X′, we haveQ>

X′ ⊆ Q>
X . For the converse

containment, take anyv∈ Q>
X . Then, asv∈Y, vx∈ S⊗. Also vy∈ S⊗, for all y∈ X. Hence,vx′ ∈ S⊗ for all

x′ ∈ X′ and, therefore,v∈ Q>
X′, as required.

The fourth statement follows from the third one by symmetry.For the last statement, we only do the ‘if’
part, as the converse would follow again by symmetry. So assumeY is maximal. Then we haveY = Q>

X . We
shall show thatX is maximal by taking anyv∈ Q such that the setX′ = X∪{v} satisfiesQ>

X′ = Y, and then
proving thatX′ = X. Obviously it suffices to prove thatv∈ X, or thatv∈ Q<

Y . So take anyy∈Y. As y∈ Q>
X′,

we haveyv∈ S⊗. Hence,v∈ Q<
Y , as required.2

Thus, in the method of [3] and [4] with the requirement thatY ⊆ Q, the constructed setBY = S⊗ ∩
Q<

Y Σ ∗∩Σ ∗Y has the following properties.

– AsY ⊆ Q>
X , we haveBY ⊆ S⊗∩XΣ ∗∩Σ ∗Q>

X = 〈Q,X〉, whereX = Q<
Y .

– If Y is chosen to be maximal with “Y ⊆ Q andQ<
Y = X” thenY = Q>

X ,

BY = S⊗∩XΣ ∗∩Σ ∗Q>
X

and,X is maximal with “X ⊆ Q andQ>
X = Y”. Therefore,BY is maximal withB∗

Y ⊆ S⊗.
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6 Algorithmic Considerations for maximal D’s with D∗ ⊆ S⊗

In this section we consider algorithms for the following problems.

(P1) Given a subword constraintS, compute a nonempty languageD that is maximal withD∗ ⊆ S⊗.
(P2) Given a subword constraintS, compute a nontrivial languageD that is maximal withD∗ ⊆ S⊗.

We deal with the above problems by considering the followingsubproblems, which refer to a given Trie(S)⊗

and a given nontrivial strongly connected component[Q] of Trie(S)⊗.

(SP1) Given a nonempty subsetX of Q, compute the setQ>
X .

(SP2) Given nonempty subsetsZ,Y of Q such thatQ>
Z = Y, computeX such thatZ ⊆ X andX is maximal

with “X ⊆ Q andQ>
X = Y”.

(SP3) Given nonempty subsetsX,Y of Q compute a deterministic automaton acceptingS⊗∩XΣ ∗∩Σ ∗Y.

We first consider algorithms for these subproblems.We use the abbreviation T forTrie(S)⊗. We use a
bijective encoding from the words inQ onto the setQ̄ = {0,1, . . . , |Q| − 1}, such that, forv ∈ Q, v̄ is the
code ofv in Q̄. Using hashing techniques the encoding and decoding functions can be done in timeO(1).
As customary, we realize any subsetZ̄ of Q̄ as a Boolean array of size|Q| such that, for anyz∈ Q, we have
thatz∈ Z if and only if the entry ¯z of the array is true. Thus, testing for membership inZ takes timeO(1).

6.1 Algorithm ASP1(T,Q,X) for (SP1), and the 2D array BQ

A simple algorithm is to take any pairv∈Q andx∈X, and test whetherδ⊗([v],x) 6= [sink]. If, for the current
v, the test is true for allx∈ X, thenv is added inQ>

X . It is not difficult to see that this algorithm performs in
timeO(|Q||X|k) and spaceO(|Q|).

It turns out, however, that subproblem (SP1) needs to be solved repeatedly when we are looking for
maximal solutions in the original main problems. For this reason, we shall need as a preprocessing step to
compute a|Q|×|Q| Boolean array BQ such that BQ[v̄, v̄′] is true if and only ifδ⊗([v],v′) 6= [sink]. This array
can be computed in timeO(|Q|2k) and spaceO(|Q|2), as it involves|Q|2 steps and, in each step, we run the
DFA T on an input word of lengthk. Then, algorithm ASP1(T,Q,X) works as described in the previous
paragraph, but now the testδ⊗([v],x) 6= [sink] is reduced to whether BQ[v̄, x̄] is true. Hence, assuming that
the array BQ is available, the algorithm runs in timeO(|Q||X|).

6.2 Algorithm ASP2(T,Q,Z,Y) for (SP2)

Here we assume thatQ>
Z = Y, and we computeX by initializing it to Z, and then by repeatedly adding into

X a new element fromV = Q−X, provided that conditionQ>
X = Y remains true. In particular, the algorithm

is as follows.

ASP2(T,Q,Z,Y)
1 X = Z; V = Q−X;
2 while (V 6= /0)
3 do
4 Pickv∈V;
5 Use ASP1(T,Q,X∪{v}) to computeY′ = Q>

X∪{v};

6 if (Y′ = Y) X = X∪{v};
7 V = V −{v};
8 returnX;
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Lemma 9. The above algorithm computes in time O(|Q|2(|Q|− |Z|)) a subset X of Q such that Z⊆ X and
X is maximal with “X⊆ Q and Q>

X = Y”.

Proof.First we establish some notation. Letm= |Q−Z| and, fori = 1, . . . ,m, let Xi be the value ofX after
the i-th iteration of the loop. LetX0 = Z. Obviously, for alli, Q>

Xi
= Y and, for i > 0, Xi−1 ⊆ Xi. In order

to show thatXm is maximal, it suffices to show thatQ>
Xm∪{u} 6= Y, for all u∈ Q−Xm. So consider any such

u. As the loop visits every element inQ−X0, it will visit u after the end of some iterationr, say. If it were
Q>

Xr∪{u} = Y thenu would have been added intoX and would be inXm, which is a contradiction. Hence,

Q>
Xr∪{u} 6= Y. Now, asX0 ⊆ Xr ∪{u} ⊆ Xm∪{u}, we have that

Q>
Xm∪{u} ⊆ Q>

Xr∪{u} ⊆ Q>
X0

= Y,

which implies thatQ>
Xm∪{u} cannot be equal toY, as required.

For the time complexity, we have that the highest order of magnitude term results from executingm
times line 5 of the algorithm. In iterationi, it takes timeO(|Q||Xi|) to execute that line. The final estimate
follows by noting that|Xi| = O(|Q|). 2

In the subsection below on Problem (P1), we give an example ofexecuting Algorithm ASP2 based on
input from Fig. 1.

6.3 Algorithm ASP3(T,Q,X,Y) for (SP3)

We assume thatT = Trie(S)⊗ is given, as well as, the setsQ,X,Y. The required deterministic automatonT ′

accepting
S⊗∩XΣ ∗∩Σ ∗Y

can be constructed as follows by modifyingT in linear timein terms of the sizes of the given structures.

– The states ofT ′ are[sink], all states in[Q], and all[z] with z a prefix ofX.
– The start state is[λ ], and the set of final states is[Y].
– The transitions ofT ′ are all the transitions ofT involving only the above states.

It is not difficult to see that, indeed, the automatonT ′ accepts exactly those words inS⊗ that end with a
suffix inY and begin with a prefix inX, as required.

6.4 Algorithm for Problem (P1)

We return now to (P1), our first original main problem. Here isthe proposed algorithm.

A1(S)
1 ComputeT = Trie(S)⊗;
2 Compute the strongly connected components ofT;
3 Pick a nontrivial component[Q] – exit if none exists;
4 Compute the Boolean array BQ;
5 Compute two nonempty subsetsZ,Y of Q such thatQ>

Z = Y;
6 Use ASP2(T,Q,Z,Y) to compute a maximalX with Q>

X = Y;
7 Use ASP3(T,Q,X,Y) to compute and return the automaton forS⊗∩XΣ ∗∩Σ ∗Y;

Step 2 can be computed in linear time in terms of the size of Trie(S)⊗ – see e.g., [5]. Steps 3 and 5 are
nondeterministic and allow for various possibilities. Here we show how to perform Step 5 in timeO(|Q|).



16

We pick anyz∈ Q and letZ = {z}. We need to show thatY = Q>
Z is not empty. So, by Lemma 6, there is

some state[u] ∈ [Q] with a path of lengthk to [z]. As [z] 6= [sink], the label of that path must be equal toz.
Hence,u ∈ Q>

Z . By the results in the previous sections, it is easy to see that the above algorithm operates
correctly as described in the following theorem. Also, as the setZ is of cardinality 1, Step 6 of the algorithm
runs in timeO(|Q|3).

Theorem 4. The above algorithm computes, for any given subword constraint S of some length k, a deter-
ministic automaton accepting a nonempty language D such that the words of D are of length at least k and D
is maximal with D∗ ⊆ S⊗; or the algorithm reports that no such language exits. The algorithm runs in time
O(|Q|3+ |Q|2k) and space O(|Q|2k), where[Q] is any nontrivial strongly connected component ofTrie(S)⊗

– if such exists.

Example 3.Going back to Fig. 1 withQ = {0111,1111,1110,1101,1011}, Step 5 of Algorithm A1(S), as
detailed above, can be performed by choosing, for instance,Z = {1011} and computingY = Q>

{1011} =

{1011,0111,1111}. Then, in Step 6 of A1(S), the word 0111 will not be added toZ, asδ⊗([1011],0111) =
[sink]. On the other hand, the words 1101, 1110, 1111 will be added toZ to obtainX = {1011,1101,1110,1111}
with Q>

X = Y. Thus, the language

D = S⊗∩{1011,1101,1110,1111}Σ ∗ ∩Σ ∗{1011,0111,1111}

is maximal withD∗ ⊆ S⊗.

6.5 Algorithm for Problem (P2)

The desired algorithm is very similar to the one used for Problem (P1). In particular Steps 3 and 5 are
different here.

A2(S)
1 ComputeT = Trie(S)⊗;
2 Compute the strongly connected components ofT;
3 Pick a component[Q] containing a fork state – exit if none exists;
4 Compute the Boolean array BQ;
5 Compute subsetsZ,Y of Q such that|Z| ≥ 2 andQ>

Z = Y;
6 Use ASP2(T,Q,Z,Y) to compute a maximalX with Q>

X = Y;
7 Use ASP3(T,Q,X,Y) to compute and return the automaton forS⊗∩XΣ ∗∩Σ ∗Y;

For the correctness of the algorithm (in particular Steps 3 and 5), we first note that there is a nontrivial
languageD with D∗ ⊆ S⊗ if and only if there is a strongly connected component of Trie(S)⊗ containing a
fork state – the ‘only if’ part follows from Theorem 3 and the ‘if’ part from Lemma 4 and Lemma 7. Thus,
if there is no fork state in some component, Step 3 correctly decides to terminate the algorithm. On the other
hand, if a fork state is found, then, according to Lemma 7, we can define effectively a two-element subsetZ
of Q such that〈Q,Z〉 is nontrivial. Then, in Step 6, the algorithm attempts to addelements toZ in order to
obtain a subsetX of Q that is maximal withQ>

X = Y. As before, the resulting set〈Q,X〉 = S⊗∩XΣ ∗∩Σ ∗Y
is maximal with〈Q,X〉∗ ⊆ S⊗ and, of course, the set is also nontrivial as it contains the nontrivial set〈Q,Z〉.
The time complexity of the above algorithm is the same as thatof A1(S), as the most expensive steps are
again Steps 4 and 6. So we have established the following result.

Theorem 5. The above algorithm computes, for any given subword constraint S of some length k, a deter-
ministic automaton accepting a nontrivial language D such that the words of D are of length at least k and D
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is maximal with D∗ ⊆ S⊗; or the algorithm reports that no such language exits. The algorithm runs in time
O(|Q|3+ |Q|2k) and space O(|Q|2k), where[Q] is any strongly connected component ofTrie(S)⊗ containing
a fork state – if such exists.

Example 4.Going back again to Fig. 1 withQ = {0111,1111,1110,1101,1011}, we see that[0111] is a
fork state with transitions going to states[1110], [1111]. Let Z = {1110,1111}. Then, Step 5 of the above
algorithm will compute thatY = Q>

Z = Q and, then, Step 6 will find that no other words will be added toZ,
that is,X = Z. Thus, the language

D = S⊗∩{1110,1111}Σ ∗ ∩Σ ∗{0111,1111,1110,1101,1011}

is nontrivial and maximal withD∗ ⊆ S⊗.

7 Concluding Remarks

We have proposed a quadratic-time test for deciding whethera given NFA languageL has exponential
density, and we observed that this question has consequences in the encoding capability ofL. Is it possible
to obtain a sub-quadratic algorithm whenL is given via a nondeterministic automaton? What can we say
about the efficiency (e.g., in terms of information rate) of the encoding parts of an encoding language? It
seems that the results of [16] could help in this direction.

We have also considered the problem of characterizing nontrivial languagesD that are maximal with the
propertyD∗ ⊆ S⊗. Our characterization is structural and leads to algorithmically polynomial solutions. The
recent work of [12] solves the more general problem of computing all maximal solutions ofD∗ ⊆ R, for any
given regular languageR using a brute force method of exponential time complexity. Is it possible to dig
deeper and combine the two approaches with the aim of computing efficiently the more general problem?
Is it possible to compute efficiently nontrivialD’s that are maximal with the conjunctive property “D∗ ⊆ S⊗

andD is a code (or a prefix code)”?
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